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coupled system of three nonlinear partial differential equations are studied. 
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1 Introduction 

In this paper we focus on a mathematical model describing the process of cells invasion in the surrounding 
extracellular matrix. Because of the key role played by the invasive processes in biological phenomena 
like, for example, wound healing, morphogenesis or tumour invasion, there are a large number of studies 
concerning them. 

In [TD] the authors developed a mathematical model in order to describe the migration of tumour cells 
through a collagen gel. More precisely, the model is based on the hypothesis that the cells invasion is the 
final result of the triad of adhesion, proteolysis and motility such that in contact with the extracellular 
matrix, the invasive tumour cells produce proteolytic enzymes which degrade it favoring the migration. 
Our objective is to study a version of a model which underlies the models proposed in and [TU] (see also 
the references therein) which involves three key variables: u{x,t) the density of invasive cells, v{x,t) the 
density of extracellular matrix and m{x,t) the concentration of degradative enzymes such as proteases, 
each of them considered at a: € and time t > Q. Through this paper Q. C K^, iV ^ 1 is a bounded 
domain with a regular boundary. The model is the following: 



du 
'dt '~ 

dv 

dm 
'dt 



diAu — aiV ■ {ux{v)Vv) + {1 — a^u — a^v) a; e fi, < e ]R-|_ (1-1) 

' ^ ^ ' 

diffusion haptotaxis cells proliferation 

- \mv xen, t e IR+ (1.2) 

degradation 

= d2Am - Pim + I32ug{v) x e fl, teM+ (1.3) 

diffusion decay production 



where the coefficients di, d2, A, ai, aa, a^, Pi, P2 sue positive constants and a2 is non-negative. It 
is assumed that the change in time of the cells density is due to the diffusion, to the haptotaxis with 
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respect to spatial gradients in the collagen gel and to the process involving proliferation and degradation 

if a2 ^ 0. The new cells are created at the rate a2 > and their degradation is caused by the cells death 

or neutralization due to the presence of the collagen gel. The function x describes the sensitivity of the 

cells to spatial gradients of collagen and is assumed to be non-negative. 

In the equation (|1.2p it is assumed that the proteases degrade the collagen gel at the rate A. 

The proteases concentration is affected by the diffusion, natural decay and production, this last term 

being proportional to the product of the cell density and a non-negative function g depending on the 

collagen gel concentration. 

In what follows we consider the system (|l.ip - (|1.3p together with the boundary conditions 

, du , ,dv dm „ ^ ,x 

^i^-^i^^W^;^ = =0' x£dn, t€R+ (1.4) 

where rj denotes the unit outward normal vector of dil. We have supposed that there is no flux of cells 
or proteases across the boundary of the domain. The same hypothesis is assumed for the extracellular 
matrix. 

We consider also the initial conditions 

{u,v,m)(x,Q) = {uo,vo,mo){x), x G fl. (1.5) 

Taking into account the biological interpretation for the solution of the system p.ip - p.3p . we shall require 
that the functions uo{x), vo{x), and itiq^x) are non- negative. 

For g{v) — v and for a constant chemotactic coefficient x(t;) — x, the mathematical model (|l.ip - (|1.5p was 
previously studied numerically in [10 assuming that the cells invasion was radially symmetrical. In the 
same hypotheses for g and x, the system was considered in [11^ where the existence of global solutions 
was investigated in the 3-dimensional case. In this paper we prove the global existence of the solutions 
when g and x ^re arbitrary functions satisfying some hypotheses that will be given later. Moreover, we 
also study the asymptotic behaviour of the solutions. 

After nondimensionalizing the system (|l.ip - p.3p and redenoting the functions x ^-nd g if necessary, it 
becomes 

du 

— = Au — V • (ux(f )Vti) + fiu{l — u — v) 
dv 

— = -mv 
at 

dm 

— aAm — 7m -|- ugyv) 

du f ) 
drj ^ drj drj 



where 



{u,v,m){x,0) = {uo,vo,mo){x) 



,1 , if a2 ^ d2 ^ ^ / /3i ("2)"' , if «2 

^ , if a2 = ' di ' ^1 1 , if ^2 = 



X eQ, 


t e M+ 


(1.6) 


X en, 


t e M+ 


(1.7) 


X € fl, 


t e M.+ 


(1.8) 


X e on, 


t e M+ 


(1.9) 


X eii, 




(1.10) 



We notice that the new functions x ^-nd 9 obtained from the initial ones by a rescaling that does not 
change their initial properties. 

Finally, we mention here that we can obtain an equivalent system to (|1.6p - (ll.l0p by making the change 
of variables 

w:=uz, z := e- ^0 x{s)ds _ ^^ -^^^ 



2 



In this way the system (|1.6p - (|1.10p transforms into 



X eft, 


t e M+ 


(1.12) 


X 


t e R+ 


(1.13) 


X eft, 


t e R+ 


(1.14) 


X e dQ, 


t e M+ 


(1.15) 


X e ^. 




(1.16) 



~ Aw + x(w)Vw • V?« + /iw (l — wz^"^ — u) + x{v)wv'm 

dv 

— = ~mv 
ot 

— dAm — 7m + wz'^^g{v) 

dw dm ^ 
drj dr] 

{w,v,m){x,0) = {uoe^J^''° ^^''^'^'',vo,'mo){x) = {wa,vo,mo)ix) 

In this paper we are concerning to prove the existence of a unique gfobal solution of p.6p - p.l0p and 
also to investigate asymptotic behaviour of the solution in a more general case when d and 7 are positive 
constants and /i is a non-negative constant. 

We mention that in the case when g(v) — v and xi^) — X '^^ a constant, in [11 the authors proved the 
global existence of solutions of (|1.12p - (|1.16p in the 3-dimensional case based on a priori estimates. In 
order to derive estimates, they used a similar approach as in [12]. 

We point out that in what follows we establish that the a-priori estimates, p ^ 1, for the variable 
w (and also for u) are uniform in time. This fact will be important when we establish the asymptotic 
behaviour of the solutions. 

This paper is organized as follows. In Section [2] we give the notations and terminology used through 
the paper. In Section [3] we prove the local existence and the non- negativity of solutions for non- negative 
initial data using a fixed point method. In Section|3]we show that the solution constructed in the previous 
section can be prolonged in time until infinity when = 3. Section[5]is devoted to the stationary problem 
associated to (|1.12p - (|1.16p . In the last Section we show the convergence to the steady-states and we obtain 
an explicit rate of convergence in some cases. 



2 Preliminaries and notations 

In this section we collect some tools and notations that will be used in the paper. 

Let 57 C M^, ^ 1 be a bounded domain with smooth boundary. We are using in this paper the 
standard notation of function spaces. By LP(17) and W'^'P{il) with 1 ^ p ^ 00, k ^ 1 we denote the 
Lebesgue spaces and respectively, Sobolev spaces of functions on fl. If X is a Banach space with the 
norm || • \\x, for T > we denote by LP{Q,T: X) the Banach space of all Bochner measurable functions 
M : (0,T) ^ X such that \\u\\x G LP(0,T). _ 

Given a positive number v, we denote by C'^{fl) the Holder space of [ly] times continuously differentiable 
functions on IT. We denote by C-^^^iTi x (0, T)) the Holder space of exponents v and i>/2 by respect to 
X, respectively t of continuous and bounded functions defined on x (0, T). If J is an interval of real 
numbers, the notation C^{J\X), fc ^ 1, fc S N stands for the space of k times continuously differentiable 
functions from J to the Banach space X. 

Throughout this paper we denote by C, Ci {i = 1, 2, ...) positive constants which may vary from line to 
line. These positive constants will be independent of time, but we shall indicate explicitly on which other 
parameters they are dependent, if it will be the case. 
Let p e (1, 00) and a, b be two positive constants. We denote 

A := -aA + b 

the positive self-adjoint operator with the domain defined by 

V{A) -.^ lueW^^P{n); 1^-0 on On] . (2.1) 
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For ^ 6* ^ 1 we denote the fractional powers of the operator A hy : — > U'[^) where the space 
is endowed with the graph norm 

Mxi = ||^'"||Lp(n)- 

Let us mention that = I'(A), X^ = U'{VL) and X^^ is continuously embedded into X^'^ if 9x 5^ 6*2, 
moreover this embedding is compact if 0i > 92- We recall some results that we shall use throughout the 
paper: 

(i) we have the embedding properties (see [HI Theorem 1.6.1]) 

X'^W''^''{n), k~-<29--, q^p (2.2) 

^ q p 

X^^Cm, 0<j/<26l- — ; (2.3) 

p 

(ii) for all u E LP{il), p E (l,oo) and t > there exists a positive constant C {9) such that (see [3 
Theorem 1.4.3]) 

\\A'>e-'^u\\L„^n)^Ci9)t-'e-''\\u\\LP(n), 0^0 (2.4) 

for some S E (0, 1); 

{Hi) for all u E LP{il), 1 ^ q < p < oo and t > we have 

\\A^e-*MLnn) < C iP) r'3-^('-^)e-*1u|U,(^,), /? ^ (2.5) 

for S E (0,1). 

Throughout this paper we assume that x ^-iid g are non-negative functions which satisfy the following 
conditions 

{Hi) X £ C'^(II^+)i X =^ O7 X ^nd x' are globally Lipschitz continuous with Lipschitz 

constants and L^i respectively; 
{H2) g E C^(M+), g ^ 0, g and g' are globally Lipschitz continuous with Lipschitz 

constants Lg and Lgi respectively. 



3 Local existence and uniqueness 

In this section we establish the existence of local in time non-negative solutions using a standard fixed 
point argument. 

Let p,q E (1, 00). We define Ai — —A + / and A2 = —dA + 7/ the positive definite self-adjoint operators 
with the domains ^{Ai) = X^ and respectively 'D{A2) = X^ given by (|2.ip . Given t>0, l<p<cx) 
and 9 E (0, 1) we denote 

Y, = C ([0, r]-W'^''{n)) , Z^C ([0, t]-xI) . 

We consider the closed set 

Bl'" {{w,v,m) EYgXY^y. Z- \\{w,v,m)\\Y^^Y^^z =^ P) 
where ||(w,w,m)||y xz ll'^^llx, + Ikllv'^e + ll™IU and p is a positive constant to be fixed later. 
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For t E [0, t] and {w, v, m) E Bp'"^ fixed we define the mapping F := {Fi, F2, F3) by 



Fi{w,v,m){t) ■.= e-*^'wo + j e~^*-'^^'Gi{w,v,m){s)ds 



t 

F2{v,m){t) := vo - J G2{v,m){s)ds, 


t 



where we denoted 



Gi{w, V, m) :— x(f )Vw • Vui + (/i + 1) w — fiw [wz ^ + v) + x{v)wvm, 
G2{v, m) :— mv, 
G3{w,v) :— wz~^g{v). 

Lemma 3.1 Let il C M^, N ^ 1 be a domain with boundary and p > N . Given an initial value 
(wo, Wo, Too) e W^'^n) X W'^''^{n) X X^, where 9 E (^,1 and q ^ ^ if N ^ 2, there exists tq > 
(depending only on \\uo\\\n/i.q(^Q-^, Il'^ollvi/i,°o(f2) '^"'^ llTOollj^e/' such that, for all r E (0, Tq] t/ie application 
F is a contraction from -Bp'^ into itself. 

Proof. We shah prove first that the closed set BJ, '^ is invariant by F for aU t E (0,to] where tq wiU 
be chosen later. Taking {w,v,m) E -Bp'', using the embeddings (|2.2p . (|2.3p . the estimate (|2.4p and the 
hypothesis {HI) we estimate 



\\F^iw,v,m)it)\\^,,,^^^ ^ l|e"*^^^o|Ui„(o) / ^?e-(*-^)^^Gi(«;, t;, m) 



ds ^ 



< C"! Ikollvi/i.<j(o) / (i^s) \\Gi{w,v,m)\\^,^^^^ 



ds ^ 



< Ci Ikoll vvi.,(o) + ^^Wp [P iP + 1) (ixP + X(0)) + A^P (1 + (p)) + (p + 1)] Tl-^ e [0, r] (3.1) 
where C2 (p) = eP^-^-^^xP+xi^)] ^ ^jg^ j^^^^ 

\\F2{v,m){t)\\wi.^in)^\\vQ\\w^.o.i^n)+^p\ Vte[0,T]. (3.2) 
Taking into account the embeddings (|2.2p . (|2.3p . the estimate (|2.4p and the hypothesis {H2), we obtain 



||F3(«;,«)(i)|U| ||e-*-^^mo||^« +C(0) / A^e-(*-^)^^u;z-\9(i;) 



LJ'(O) 



ds < 



^C3\\mo\\xs+C{e) / (t-,s)-^||«;z-ig(z;) 



\Lp{n) 



ds € 



^C3\\mo\\^,+Ci0)G2{p)piLgp + giO))T'-\ G [0, r] . (3.3) 

Denoting C4 = max{l, Ci, C3}, the estimates p.ip . p.2p and p.3p imply that there exists the constant 
C5 (p) = C{e)p [p {p + 1) {L^p + x(0)) + (p) {Lgp + g(0)) + MP (1 + C2 (p)) + (/i + 1)] 
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such that 



> sufh- 



\\F,{w,v,m)\\Y^ + \\F2{v,m)\\Y^ + \\F3{w,v)\\z ^ 
^ C'i (||wo||vyi.,(f^) + ||wo||w'i,=c(o) + llmoll^e^ + C5 {p)t^^^ + 2p^T 

provided that {w,v,m) € Bp'''. Now we fix p > 2C4 (^|jwo|| vFi.9(fi) + lko||H'i.=°(o) + ll™o|lx« 
ciently large and we choose ti > small enough such that C B'^''^ for all r £ (0, ri]. 

In what follows we prove that is a contraction. Let {w,v,m), {w,v,rri) G BJ, '', where r G (0,ri] and p 
was fixed previously. Taking into account (|2.2p . (|2.3p . (|2.4p and the hypothesis (i?l) we estimate 



ds- 

t 



\\Fi(w,v,m){t) - Fi[w,v,m){t)\\wi.i{n) ^ 
t 

^ C{e) I Ale-^^-"^"^^ (x(w) Vw • Vw - x(w) Vw • VzJ) 



+ pC[9) / A^e-^*-'*)^^ (wv - WzJ) ^ ds + ^C(6l) / A^e"'*"")^! (x(w)wwto - x(i')WiJm) 



L<j(n) 



ds 



^ C6(p)t^ ^ — +||w-i'||y +||m — m| 



Vt e [0, r] 



(3.4) 



where 



C6(p) = C{e) {p {L^p + x(0)) [1 + (1 + 2C2(p))] + 2a*pC2(p) + (a* + 1)} . 

Also we obtain 

\\F2{w,v,m){t) - F2(w,T;,TO)(t)||ivi,^(j^) ^ 2pr -T'Hy^ + ||to- mH^) , Vi G [0,t] 
Using (1121), (1131), (113) and the hypothesis {H2) we get 



(3.5) 



||F3(z«,«)(i)-F3(W,Zj)(t)|l;f. S^C(0) 



Ale 



w — w\\ 



Vi e [0, r] 



ip(n) 



(3.6) 



where 

C7(p) = C [9) C-2[p) {Lgp + g(0)) (p + 1) . 

Thus, taking tq sufficiently small such that tq < ti, we obtain from (|3.4p . p.5|) and (13. 6|) that the mapping 
_F is a contraction fi-om B^''' into itself for all r e (0, tq]. ■ 

We shall prove now the existence of a unique non-negative maximal solution to (|1.12p - (|1.16p . 

Theorem 3.2 Let Vl C M^, N \ he a domain with boundary and p > N. Given {wo,vo,mo) € 
W^'i{n) X W^^°°{fl) X X^, 6 e (^,1), q > if N ^ 2 andr ^ max{2g,p}, there exists T > 

(depending only on IIwoH^i.^j-q), lko|lvKi-°°(si) '^'^^ ll^ollx"/' such that the problem IJ. jgp -i O. J6]) has a 
unique solution {w,v,m) defined on an interval [0,T) C M and 

weC ([0, T) ■ W^^^in)) n C ((0, T) ; 14^2,'- (f^)) p ((0, T) ; W^i''?(f^)) 
e C ([0, T) ■ iyi'°°(17)) n ((0, T)-W^^°°{^)) 

m&C ([0, T) ; X^) n C ((0, T) ; iy2,P(f^)) n ((0, T) ; X^^) . 
Moreover, the solution depends continuously on the initial data. 
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Proof. Lemma [3.11 shows that the map F : B'^''' B^"^, t E (0,ro], has a unique fixed point {w,v,m) 
which is the weak solution to the system (|1.12p - (|1.16p . Taking into account the fact that the map F is 
a contraction and the estimates estabhshed in Lemma |3. II we obtain the continuous dependence of this 
solution on the initial data. 

In what follows we show the existence of a unique maximal solution to (|1.12p - (|1.16p having the regularity 
properties stated in the theorem. First we can prove that for every fixed t e (0,ro] the maps Gi(t) : 
W^''i{n)xW^^°°{n)xX^ L''{n), G2{t) ■. W^'^{VL)y.Xl W^'^{n) and 03(0 : W^'i{VL)xW'^'°°{n) ^ 
U'{^1) are Lipschitzian using similar arguments to those used in the proof of Lemma 13.11 Therefore 
applying ^ Theorem 3.5.2] we obtain 

u;eCi((0,ro];W^i^'(f^)), m e ((0, tq]; X«) . (3.7) 

Let us observe that for every t G (0,to], w{t) € W'^'^{^) is the solution to the problem 

dw 

- Aw{t) - a{t) -S/wit) ^ f{t) - —{t) xen 
or] 

where we have denoted 

a{t) := x{v{t))\7v{t) e (L°°(fi))^ , f{t) {fiw (l - wz'^ ~ v) + x{v}wvm) (t) G L''(fi). 

The elliptic regularity implies that w{t) g for every t g (0,to]. As q > N/2, we deduce from 

the Sobolev embeddings that w{t) G W'^''^'^{n). Finally, by recurrence, we obtain w{t) € W^''^{^1), 
r — max {2(7, p}. In a similar manner we can prove 

me C((0,To];W^2'P(f7)) , 2 < p < oo. 

In order to show the uniqueness of the solutions in the spaces indicated above, let us suppose that 
(wi, fi, TOi), (u'2, f2, "^2) are two different solutions to the system (|1.12p - (jl.l6p . Let [0,T) the maximal 
interval where both solutions are defined and 

I ^ {t E [0, T) ; wi{x, t) = W2{x, t), vi{x, t) = V2{x, t), m,i{x, t) = 7712(2;, t), Vx E ft} . 

From the local existence we deduce that / is a nonempty set, so let Tmax > be maximal such that 
[0, T„iax) C / and suppose Tmax < T. As / is a closed set in [0, T) (from the continuity of the solutions), it 
follows that [0, Tniax] C /. Applying now the local existence result with the initial conditions considered 
in ■''max it follows that the system (I1.12p - (|1.16p has a unique solution on a small interval (rmax, '''max + £)• 
This contradicts the maximality of T„iax, hence T^ax = T. 

Let us remark that the choice of tq in Lemma f3.1l depends only on the initial data, respectively ||wo 1 1^/1,9(0) ; 
||wo|lvi/i-p(n) ^^'^ II'^oIIa'"' ^'^ solution (m, u, m) can be extended up to a maximal time T,„ax = T that 
depends also only on the initial data. ■ 



Remark 3.1 Let us mention that in fact we can obtain from the Theorem \3.2\ a better regularity for w. 
Indeed, Gi{t) E C"(r2) for some < a < 1 andw{t,-) E C^+'^iVl). Thus for t > 0, {t,x) w{t,x;wa) is 
continuously differentiable in t, twice continuously differentiable in x, and hence w is a classical solution. 

In view of (jl.lip we observe that Theorem 13.21 implies also the local existence of the solution to the 
initial system (|1.6p - (jl.l0p . Moreover, we shall show the non-negativity of local solutions to p.6p - p.l0p 
corresponding to non- negative initial values {wo,VQ,mo). 

Theorem 3.3 Let O C M^, N ^ 1 be a domain with boundary and p > N . Given the non-negative 
initial value {uQ,vo,mQ) E W^'P{fl) x W^'°°{fl) x X^, E 1 j . there exists T > (depending only 
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on \\wo\\y^,i,pj^^j, |l'Uollvi/i,°=(n) '^'^'*' ll™ollx» ) such that the problem n.6]) - f7T7^) has a unique non-negative 
solution {u,v,m) defined on an interval [0,T) C K and 

M e C ([0, T) ; W^ 'i{n)) n C ((O, T) ■ W^^°°{n)) n ((O, T) ; 

e C ([0, T) ; W^i'°°(f7)) n ((0, T); W^i'°°(f])) 
m e C ([0, T) ; X^^) n C ((0, T) ; p ((0, T) ; X^^) . 

Moreover, the solution depends continuously on the initial data. 

Proof. From pTTT|) and taking into account (Mo,fo) G Vl^^'P(f^) x W^'°°{n) we obtain wq € and 
the hypotheses of Theorem 13. 21 arc satisfied. Using again (jl.lip we recover the regularity of u. 
Let us observe that from the equation p.7p we obtain 

t 

— J m{x,s)ds 

V = voe (3.8) 

which imphes the nonnegativity of v. We shall prove the nonnegativity of the solution u by the truncation 
technique used in [13, Theorem 2.1]. According to 13J, there exists a decreasing function H e C'^(M; M+) 
and a constant Cse > such that H{u) > if it < and H{u) = if u ^ and having the properties 

^ H"{u)u^ CH{u), u£R (3.9) 

^ H'{u)u s$ CH{u), It e R (3.10) 

^ H{u) ^ It G M. (3.11) 
We consider the non-negative function 

ip{t) = H{u{x,t))dx, Os^is^r. 



n 



The definition of the function H{u) implies that ip e C([0, t] ; M+) n C^{{0, t];R), ip{0) = and has the 
derivative 



ip'{t) = J H'{u)^dx = -J H"{u) \Vu\^dx + j ux{v)H"{u)Vu ■ Vvdx + I^Jh' 



{u)u(l — u — v)dx ^ 



^^cj H{u)x^{v) \Vv\^ dx + ficj H{u)dx ^ Ciiip{t) 
n Q 
for all ^ i ^ T where 



1 / \2 2 



Thus the Gronwall inequality ensures (p{t) — for all t e [0, r], that is u(i) ^ on f2 for t e [0, r]. Finally, 
since ug{v) is a non-negative function it is straightforward to prove that m{t) ^ on for t G [0, r] using 
the maximum principle for parabolic equations. But r > is arbitrary, so the desired positivity follows. 
■ 

Theorem 3.4 Under the same hypotheses as in Theorem \3.3\. if vq G W'^'^{fl), r = max{2g,p} then the 
problem (T7B^-(T7TU\) has a unique non-negative solution {u,v,m) defined on an interval [0, T) C M and 

M G c ([0, T) ; w^'^n)) n c ((o, t) ; w'^'^'in)) n ((o, t) ; w^'^n)) 

veC ([0, T) ; VK2^'^(f7)) n ((0, T); W^^.^^f^)^ 
meC ([0, T) ; X^) n C ((0, T) ; p ((0, T) ; X^) . 

Moreover, the solution depends continuously on the initial data. 
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4 Global existence in time 



We denote by (u, m) the maximal non-negative local solution to the problem (|1.6p - (|1.10p on [0, T) and 
we shall prove that T = +00 in the case N — 3. Throughout this section all the constants are independent 
of T and when it will be the case we shall make explicit their dependence on the data of the problem. 

Lemma 4.1 Let fl C M.^ , N ^ 1 be a domain with smooth boundary and {uq, vq, mp) £ L^{n) x L°°{n) x 
L^(ri). Then the solution {u,v,m) to the problem il.6\) - n'.10\) satisfies the following estimates 

\\u{-,t)\\Li{n) < max{|f7|, ||mo||li(o)} , (4.1) 
\\v{-,t)\\L^{n) < ||t'o||L~(i2), (4.2) 
II"^(-,<)I|li(0) < ||»77.o||Li(f2)e~* + [Lg|luo||L=°(o) +.9(0)] max{|n|, |luo||Li(a)} (4.3) 

for all t > 0. 

Proof. Integrating the equation (|1.6p in space and taking into account the non-negativity of the solution 
and the boundary condition p.9p we get 



— / udx ^ II I u{x,t)dx — fi I u'^{x,t)dx. 



Applying Jensen's inequality and Gronwall's lemma we obtain (j4.ip . 

The boundedness of v results immediately from the equation p.7p . We obtain (|4.3p integrating the 
equation (jl.Sp in space and taking into account the boundary condition (|1.9p . the estimates (|4.ip . (|4.2p 
and the Gronwall lemma. ■ 

Corollary 4.2 Let fl C K^, N ^ 1 be a domain with smooth boundary and uo G L^{n) (or, equivalently 
{wo,vo) e L'^in) X L°°{n)). Then 

\\w{-,t)\\LH^^) ^ max{|rj|, ||uo||Li(f2)} , (4.4) 
for all t > 0, where w{x,t) is the function given by il-ll]) . 

In what follows we show that if the initial data mp is in an appropriate space, then we can find a bound 
for m in L^{^1), j > 1 for t > 0. This result is based on 6, Lemma 4.1]. 

Lemma 4.3 Let ft C M.^ , N ^ 2 be a domain with smooth boundary. Assume that there exist r S [1, N) 
and 1 < p < rN/{N — r) such that 

\H-,t)\\Lr^n) =^ 

for allte (0,T) and (wo,"io) € L°°{n)x W^'P{n). Then 

ll"i(-j*)llwi.p ^ d {p,r,\\v()\\Loc-(n),\\mo\\w^.p{n)) {I + Cq) (4.5) 

for all t € (0,T). 

Proof. We fix 1 < p < rN/ {N — r) and we choose /3 such that 

1 , 1 N fl N~r 

From the representation formula 

t 

{t)^e-'^'mo+ [ e-^'-''^'^''u{s)giv{s))ds, Wt e {0,T) (4.6) 



m 
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and taking into account (j2.5p we obtain 



ds ^ 



< C iP) llmolli^i.p 



rj— [Lg||wo||L~(n) +9{ 



LP(0) 

Vt e (0, T) 



Using Lemma HTTl the statement follows. ■ 

Remark 4.1 //mo G t/ie estimate |^.5p is stiZZ valid for all t £ [t,T) where t £ (0, min {1, T}). 

Corollary 4.4 Let H, C M^, N > 2 be a domain with smooth boundary and assume that the hypotheses 
of Lemma \4-.S\ are satisfied. If r £ [\,N/2) then 

\\m{;t)\\L^^C,^ (4-7) 

for all t £ (0, T) and < j < jf^. 

The next proposition asserts that if the initial value is in a suitable space and (|4.7p is satisfied, then we 
obtain an estimate for w, and respectively for u, in L''{U), for all g > 1 and t > 0. Moreover, we shall 
show later that if wq £ L°°{^}) then we derive a bound for w in for all t > 0. 

Proposition 4.5 Let C M'^ be a domain with smooth boundary and {wo,V(),mo) £ L'^{Q) x L°°(f7) x 
W^ P, 1 < q < oo, p ^ |. Then there exists a constant independent on time Cn = Cii(p, ||fi'o|liij(o) j lko||/^= 
such that the solution w{x,t) to the system Ill.l2\) - I[l.l6\) satisfies 



L°°(0,T;L5r(O)) 



y 1 < q < +00. 



(4.8) 



Proof. Multiplying the equation (|1.12p with qw"^ ^ z ^, q e [2, oo) and integrating in space we have 



d 
di 



A(q~l) 



fj,qjz w 
n 



(1 



wz 



.)+ 



+ (g — 1) z ^x(w)?x;'tim. 



(4.9) 



On both sides of (14.91) we add the term £ll'«'^^^l!i2(Q') where e > is a constant to be determined later. 



Taking into account the non- negativity of the solution and Lemma l4. II we obtain 



-jz-'w'^+eWw^^Ymn)^- 



4{q-l] 



+ (g - 1) Ci3 / W^m 



{q^iCu+e)\\w''/YL^ny 



(4.10) 



where 



Ci3 = Ci3 (||«o||l=o(o)) - e*ll''«lli~(-)+x(o)ll'"'ll--(") (i^ii^^ii^^^^^^ + ^(0)) ||«o||^^(s,). 

Now we estimate the last two terms from the right-hand side of (|4.10p . Using Gagliardo-Nirenberg and 
Young's inequalities and Lemma |4. II we obtain 



2g/(3g-l) 



(4.11) 
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where 

/ 2 \ /r\ -3(9-l)/2 /a - n \(3<2-l)/2 

Ci4 = Ci4(e,g,||«o|U~(o),|f^|)- (^^^^j (4) ^-^-J^C{n){q^,C^2+e)j 

Taking into account Holder, Gagliardo-Nirenberg and Young's inequalities, the boundedness (|4.7p and 
Lemma [4. II we estimate the last term from the right-hand side of (|4.10p 



(g-l)Ci3/«i«ms; (g-l)Ci3||u;«/'||i4(o)||™|U2(j,) 



4(3<?-l) 



^ 4ll^'/'ll^.,^(n) +^^i5Nr4Ly'lkllI.(o)> (4-12) 
where 

From (|4l0)) . using (gj]), (gj]), (|4TT|l and (|4T^ . we get 



2 



< (|-^^)l|Vu,«/^|li.(o) + ||k'/^|li.(^)+Ci6, (4.13) 
where 

C16 = Ci6(£,g, ||i;oI1l="(o), l^^l) = (Ci4(£,<z) + Ci5(e, g)Ci'^"^"'^) (niax{l, ||uo||li(o)})' • 
Choosing e — 2, from (I4.13P we obtain 

Applying Gronwall's lemma, the last inequality implies 

II^IIL(O) =^ J ^"^^"^ ^ C'i2max|||wolli,(n)>C'i6} 
n 

and we conclude the proof. ■ 

Corollary 4.6 Let C M'^ fee a domain with smooth boundary and (uq, vq, mo) G L'^{Q) x L°°(ri) x W^'^, 
1 < g < 00, p ^ |. T/ien i/iere esiste a constant Cn — Ci7(p, ||uo||i<j(j2) JI^oIIl°°(o) ' II'^oIIvfi.p(ji)) 
independent on time such that the solution u{x,t) to the system m.l2\) - ri.l6]) satisfies 

ll"llL-(o,T;Li(n)) ^ ^17, yi<q<+oo. (4.14) 

We prove now the uniform boundedness for w using the previous Proposition. For this we use the iterative 
technique of Alikakos yy and for the sake of completeness this argument will be presented briefly in the 
next Proposition. 
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Proposition 4.7 Let f2 C be a domain with smooth boundary and {wo,vo,mo) G L°°{n) x L°°(n) x 
W^'P, p ^ |. Then there exists a constant Cis ~ C'i8(||wo||/^=o(-q') , ll^olliooj-Q-j) independent on time such 
that the solution w{x,t) to the system il.lS\) - fl.l6\) satisfies 

II'^IIl=°(0, T;L~(n)) ^ ^18- (4-15) 



Proof. We estimate the last term from the right-hand side of ()4.10|) . Using Holder, Gagliardo-Nirenberg 
and Young's inequalities and (14. 7|) 



((j-l)Ci3 w'^m^iq-l)Cu\\w''/^\\ L4(o)II"i|1l2(J2) 



(4.16) 



where 



Ci9 = Ci9(£,g) = i [{q - 1) C^sCm'' \\m\\l\^y 



Introducing (|4.16p in (I4.10p we obtain 



4(9-1) 



+ 



+ (mCi2 + 2e) Ww'^^Ymn) + CMe,q)\\w^^^\\ Li(n)- 
Using again Gagliardo-Nirenberg and Young's inequalities, we infer 



w 



9/2 



L2(0) 





6/5 




4/5 




vi/i'2(n) 




Li(r2) 





2 

+ s 




2 








L2(0) 



+ C21 (e) 



L^n) 



or equivalently 



where e < 1 and 



,,9/2 



1 



L2(n) 1 - e 



C21 — C21 (e) 



2 /3 



3 V 5 



L2(o) 
5/2 



C21 (e) 





2 




Li(0) 



Multiplying the inequahty (|4.18p by {pLqCi2 + 2£), we obtain from (I4.17P 



£ — 



4(g-l) 



[mCi2 + 2£) 

l-£ 



Ci9(£,<z)||t.«/2||2,(^^- 



■ (mCi2 + 2£) 4(g-l) 
£ H : £ 



21 



,,9/2 



Li(i2) 



{nqCi2 + 2e) 



1 -£ 



C21 +Ci9(£,q) 



,,9/2 



Li(a) 



(4.17) 



(4.18) 



(4.19) 
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We choose 



where C22 = max{//Ci2, 3}. Hence 



1 -£ 

Thus we obtain from (|4.19p 

d_ 

di 

where 



^ C22 (g + 1) ^ ^ 



ifiqCu + 2e) ^ ^ 4(g-l) 



+ r< r<^f , 1^ / < ^23(g) ^i'^/' ' , (4.20) 
C12C22 ((7+ 1)7 



1 / 9 ^ ^" 



9 V 10 



(C22 {q+l)f[{q-l)CuC{n)r\\m\\l\^^ 



Applying Gronwall's lemma we deduce from the last inequality 

Jw'J ^ Jz-^w'' i^Ci2inax< J wlC22C23{e,q) {g + 1) IsnpJ w'^/A I. (4.21) 

We consider qj — 2-', with j ^ N and we use (|4.2ip and an iterative technique in order to estimate 
WMlL^in)- Denoting 

aj = ^22^23(6, q) (q+l)^ C2Aqf. 

the inequality ()4.2H) becomes 

w'i^ s;Ci2max|max{||w;o|II'i(o)Jko|II'oo(o)},%- l^^^yjw'^^'^ | (4.22) 
for alH > 0. Recursively, we obtain from (|4.22p 

<2 ^--^'Cl^Cl^ Vax|||«;olLi(o),lkolL.o(o)}. (4.23) 
Taking j ^ 00 in the last inequality we deduce (|4.15p . ■ 

Corollary 4.8 Let C 6e a domain with smooth boundary and {uQ,vo,mo) S L°°{il) x L°°(ri) x 
W^'P{n), p ^ |. T/ien there exists a constant C25 — ^25(11^011^00(5^) , II'^^oIIlooj^-)) independent on time 
such that the solution u to the system il.lS\) - fl.l6\) satisfies 

hllL~(o,T;L~(o)) C25. (4.24) 

Lemma 4.9 Let fl cM."^ be a domain with smooth boundary and (^io,^'o,"^o) G LP{n) x L°°{il) x Xp{fl) 
where p > 3, e (i, l). Then 

\\m{;t)\\^, ^C2e, (4.25) 

P 

for all t e (0,T). 
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Proof. Taking into account the representation formula (|4.6p . the hypothesis {H2) and the estimate (|4.14p 
we obtain 

t 

\\m t)\\xo < CWmoWxo + I Ale-^'-'^^-u{s)g{v{s)) ds ^ 

p ^ J LP 



t 

«C Cllmollx^. + C{0) Jit - s)-«e-^(*-^) \\u{s)g{v{s))\\^, ds ^ 


t 

«C C||mo|U. + CnC{e) {Lg |l«olLoo + 5(0)) [ {t - s)-' e-'^'-''> ds. 



Denoting 

C26 = max {c||molk^« , ^17^(0) {Lg \\voh^ + 5(0)) S'-'Vil - 9)} , 
where F denotes the Gamma function, the last inequality implies (|4.25p . ■ 

Lemma 4.10 Let C M"^ be a domain with smooth boundary and {uo,vo,mo) € LP(f7) x W^'°°{fl) x 
X^{n) where p>3, 6 e . Then 

11^^(01^1-^^27(1 + 0, (4.26) 

for all t e (0,T). 

Proof. From the equation (|1.13p we obtain 

Vw = e- ^0 " (vvo - «o ^ Vm^ (4.27) 



which implies 



llV^ILoo ||V«o|Iloo + ^o|Iloo / llmll^^i.^ds^ ||i;o|Li,=»max{l,C26}(l + 0- 



Next, taking into account Lemma l¥!9l and denoting 

C27 = ||«oIIl--(o) max{l, C26} 

we conclude the proof. ■ 

Lemma 4.11 Let C M'^ be a domain with smooth boundary and {uQ,vo,mo) G W^''^{^1) x W^'°°{^1) x 
X^{n) where p > 3, 6* G l) anrf q ^ For i e (0,T) we /lawe 

Il"(-,0l!v^i-(f2) <C28(l + i)e^^«', (4.28) 

for all t £ (0,T). 

Proof. First we establish a bound for ||w(-,t)||vi/i,9(o). Taking into account the representation formula 



wi 



{x,t) = e^''^'wo+ e-'^'-'^^'Gi{w,v,m){s)ds, Vt £ (0, T) (4.29) 
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we get 



L9(0) 



ds € 



^ C lko|lvvi„(o) + C {0, q) C27 [ix ll«olLo.(o) + X(0)J J {t- sy' e-^(*-^) (1 + s) M^..^^^^ ds+ 





+ C: 
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ixlkolLoo(o) +X(0) 



< C30 + C31 y (< - s)-'' e-*(*-^) (1 + s) |k||H.i„(a) 


where 

C30 = C'|lwolli^i.,(o) +Cii5^"^niax|c26 IkolLooff^) 

(/i + 1) + AiCiiCi2 + A* ||«o|| Loo(o)] } r(l - 9), 
C^^^C{d,q)C2i [lj|«oIL.o(o)+x(o)" . 

and r is the Gamma function. Applying Gronwall's lemma in the last inequality we obtain 

\\<Mw^Hn) ^ C3oe^(^-^)^-ei^(^-^'^-*. (4.30) 
Finally, as u = wz^^ we get from (|4.26p and (|4.30p 

||w(-,t)||vi/i.9(0) =^ ||2:""^||lVi.~(0)||w||vKi.9(0) ^ 

^ C12 [1 + C27 (ix \\M\L^(n) + X(0)) (1 + t)] \\w\\w^.^{n) < 

^ 2C12C30 max {1, C27 (ix ll«olLoo(^) + x(0)) } 6^(1-^)^31 (1 + er(i-e)C3it_ 

Denoting 

C28 = 2C12C30 max {1, C27 (ix II«o|Iloo(o) + x(0)) } e^^^^^^^- 
the last inequality implies (I4.28p . ■ 

5 Steady- states 

Additionally, we suppose that the function g satisfies the following property: 



-e) 
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In this section we deal with the stationary problem associated to (|1.12p - (|1.16p . More precisely, we are 
interested in the solution of the system 

~ Aw + x(f )Vw • Vw + /iw (l — wz~^ — w) X G fl (5-1) 

O^mv X en (5.2) 

= dAm — 7m + wz^^g{v) x d (5-3) 

dw dm „^ 

— = — = xedn. 5.4 

orj orj 

Theorem 5.1 If {w* ,v* ,m*) e (7^(11) x T4^i'°°(ri) x C^{Q) are the non-negative solutions to i5.1\) -l5.4\l, 
then they are given by 

{w*,v*,m*) = iO,v,0), 
{w*,v*,m*) = (fc,0,fc7-\g(0)) 

where k — Oork — liffi>0, k^Oisan arbitrary constant if ^ — and v € W^'°°{n) is an arbitrary 
non-negative function. 

Proof. We distinguish between two cases: w {x) g{v (x)) > at some point x € f2, or wg{v) = 0. 
First, we suppose that there exists at least a point a; e il such that w (x) g{v (x)) 7^ 0. We claim that 

minTO(a;) > 0. 

To prove this, we assume that there exists xq E such that m(a;o) = 0. We have two possibilities: 

a. if xq £ ri, then [4, Theorem 3.5] implies that m is a constant function and we deduce that m{x) = 
for all X €z fl, but this is not a solution for the equation ([57 



b. if Xq E dft, then using 4, Lemma 3.4] we get 



dm 

^(.0) < 0, 



Since minm(a;) > 0, the equation (|5.2p implies v{x) = for all x E fl. Therefore the function w{x) is a 
solution of the following equation 



which contradicts (15.41 



—Aw = — w) X E n 
dw 

dr] 

a. If /i = 0, we deduce that the solutions of (j5.5p are w = k where A: is a non-negative constant 



^ = xEdn. (5.5) 



b. If /i > 0, then using a similar argument as in [2] we obtain that w = and w = 1 are the only 
non-negative solutions to (|5.5p . 



Therefore, from (|5.3p - (|5.4p we obtain that m is a constant and moreover 

m = kj^^g{0) 

where fc is a non-negative constant if /j, = and A: = Oorfc = lif/i>0. 

We suppose now that for all a; S O, wg{v) = 0. Then from (|5.3p - (|5.4p we get m = 0. 

We observe that wg{v) = implies wv = 0, using the hypothesis {H3). Arguing as in the previous case 

we prove that either w = or minw(x) > 0. 
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a. If w = then any v € W^'°°{U) , w > solves 

b. If minu'(a;) > then wg{v) = imphes g{v) = and by (H^) v = 0. Therefore, (|5.ip with the 

x^n 

boundary condition can be written in the form (|5.5|1 . Hence w = k where fc is a non- negative 
constant ii p, = and fc = or fc = 1 if /i > 0. 



6 Asymptotic behaviour of global solutions 

In what foUows we study the asymptotic behaviour of the global solution {u,v,m) to the problem (|1.6[) - 
p.lOp . Under some additionally hypotheses on the initial data we shall prove the convergence of the 
solutions to the steady states. 

Hereafter i7 C M'^ is a domain with smooth boundary. 

Lemma 6.1 Let fi ^ 0, vq £ L°°(Cl) be positive and if fi > we assume < vo{x) < 1 for all x lE fl. If 
there exists a constant a > such that uo{x) ^ a, then every global solution u(x,t) satisfies 

"0 

u{x,t) TSYai{l,a} e" , (6.1) 

for all X £ U,, t > Q. Moreover, if there exists a positive constant M such that 

g{v) ^ M (6.2) 
for all V e K_|_ , then there exists a constant a > such that 

m{x,t)^a>0, (6.3) 

for all X € V,, t > 0. 

Proof. Let p be a positive constant to be chosen later. By multiplying the equation (|1.6p with z^^{w — 
p)-, where (w — /?)_ = maxjp — w,0}, and after that integrating over f2 we get 

J ~ pf_] ^ ~ J z^^\V{w - p)-\^ J z^^xiv)'mv{w - pf_- 

n n n 

z^^x{v)'mv'w{w — p)- ^ ^^^'^ (l ~ wz~^ — ti) (w — /?)-. (6.4) 
n n 

Let us notice that in the case p = the right-hand side of (|6.4p is non-positive. If /i > 0, choosing the 

"0 

constant < p ^ (1 — uo) e " implies that the last term in (|6.4p is also non-positive. Integrating 

(|6.4p in time and taking into account the above considerations we have 

z \w- p)_ e" [wa- p)t. 

n n 

Using the same procedure as in [S] finally we obtain 

"0 

it(a;, i) ^ min {1, a} e" , (6.5) 
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for all a; G f7, t > 0. Next, we conclude the proof by applying the maximum principle for the parabolic 
problem 



= 



rrit — dAm + = ug{v) 
dm 
drj 

m{x, 0) = mo(x) 
using the hypothesis g{v) ^ M > and the estimate (|6.5p . ■ 

Lemma 6.2 Let {uo,vo,mo) e L'^{n) x {W'^''^{n) n L°°{n)) x M^i'P(ri), p ^ |. ^ssttme that vq > and 
the assumption 116. 2\) is satisfied. Then we have 



X €fl 



kt 



(6.6) 



for all t > 0, q ^ I and < k < qa. 
Proof. Using the equation we deduce 

d_ 
dt , 



q m 



/ V • Vm, 

Jo 



(6.7) 



for q ^ 1. On the other hand, multiplying (II. 8p with w', g ^ 1 and integrating in space, we have 



[ Vm ■ V («') = / "^i'"' + I / + / "^^"^ ^ ^ / 

Jn ^ dt 2 2 2 7q 



W5(w)7;«. (6.8) 



Inserting (|6.8p in (|6.7p we get 



IVw'?/'!^ = -q I m 



+ 



2ddi 



?! 
2d 



2 9 , 79 

71^ -J- 

2d 



tow' ~ 2d ' (^■^) 



Now, taking into account (|6.3p and multiplying the equality (|6.9p by e*^*, < A: < gcr, we obtain 



d_ 

dt 



J J ^)^2ddt 
Integrating the last inequality on (0, t) we have 



e''* I mV 



1 + !Le''' ( m^vi + ^e*-'* / tow«. (6.10) 



2d 



2d 



2d 



2d 



o 



e 

o 



TOi;^ 



Since v{x,t) — vqc ™ and m{x,t) ^ a > 0, 

v{x,t) IIwoIIloo(o) e-^K 
Introducing the estimate ()6.12p in ()6.1ip and taking into account (14. 3p and (|4.7p . we get 



(6.11) 



(6.12) 



^|l«o|li=o(o)max{|lTO|l^,(^),Cio} ( eC^^-?)* + 9 / e('=-'^)^+7 / eC^"'^')^ ] e'^^* =^ 



g + 7 
aq — k 



-kt 



(6.13) 
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where 

C32 = maxjCio, ||rno||Li(o) + (ig||wo||L-(f2) +.9(0)) max{|f^|, ||ito||Li(n)}} 
Finally, from (|6.13p and denoting 



C; 



33 



IY7 9/212 , 1 n II 119 ( ^ , g + 7 



we conclude the proof. ■ 

Theorem 6.3 If the hypotheses of Lemma \6.2\ are satisfied, then 

\\u{-,t)-u\\L,(^n) ^C3ee-^'''\ 
ll«(-,i)llL-(o) <C^38e~"S 
\\mi;t)~u-f-^giO)\\LPin) < ^396-^^*, 

where C36, C37, C39, C40 are positive constants independent on t, C38 = ||'yo||L°°(n) 'J'^'^ 

U = < f2 



1, 



Ai > 0. 



(6.14) 
(6.15) 
(6.16) 



(6.17) 



Proof. Let a be a positive constant to be chosen later. By multiplying the equation p.6p with 
(m — a)^'°^^, p 5^ and integrating in space we get 



d_ 
di 



(u - a)2P+2 <C - (p + 1) {2p +1) / (li - a)''' I Vii|' + 



+ {p + 1) (2p + 1) C25 max {C25, a'P} (l^ ll^^o|li.o(o) + x(0)) ^ |V^;|' + 

+ 2fi{p+l) I u{l-u)[u- a)^''+^ - 2/i (p + 1) / u^w [u - af^ + 2fia (p + 1) / uv {u - af^ . (6.18) 



In the case ^ = we consider a = u — ^ J u^. Using the Poincare inequality we obtain from (|6.18p 

o 

^ Jiu-uf + C34 y"(M-u)^ sC ||M||i^(o i.ioo(o)) (ix ll^^olli-(o) +X(0)) J |V^;|^ 
n a o 

Using Lemma 16.21 for q = 1, fc 7^ C34 and applying the Gronwall inequality in the last estimate we have 



l"(*) - u\\h{n) 



\Wo - w|li2(o) + Cfs ll^'o|li-(j2) + X(0)) 



33 



|fc-C34 



' min{A:,C34 }t 



(6.19) 



Moreover, for p ^ 2 it follows that 



\\uit)~u\\l,^,,^^2P-'nmx[uP-\C^-'] [||uo - + 

,2 C33 



+ C^25 (ixlko|ll.= (j^)+X(0) 



\k-Q 



341 



inin{A;,C34}£ 



(6.20) 
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In the case /i > we consider a = I and taking into account Lemma |6. II and Lemma l6.21 we obtain from 



^ 22^^25 max {l, Cat} 



{p + 1) {2p + 1) C25 (ix + X(0))' / |V«p + 2^x \Q\ \\v^\ 



where 



C35 = 2/i(p+ l)min{l,a}eo 
Applying GronwaU's inequahty, using the estimate (|6.6p and choosing fc 7^ C35 we obtain 



ll"W-l|lf^+.(n) ^ {lko-l|liC.%^)+2^^C25max{l,C2t} 
+ (p + 1) (2p + 1) C25 (ix lko|lio.(^,) + x(0))' 



\k-C: 



2^|r2| llwollLoo(n) ■ 

min{fe, Casjt 



(6.21) 



Taking into account (|6.20p and (|6.2ip we conclude the estimate (|6.14p . 

By multiplying the equation (II. 6|) with (m — u'y~^ g{Q))^^'^^ , p ^ and integrating in space we get 



j^J{m~ u^-'9{0yfP+' = -2d {p + if J{m- u^-'g{0)fP \Wr 
n n 

- 27 (p + 1) /(to - u7-i5(0))2p+2 + 2 (p + 1) /(to - u7-i5(0))2p+i (ug(w) - ug{0)) ^ 



< -2d (p + ly I (to - u-f-^giO) fP I Vto|" - 7 (p + 1) / (m - U7~'5(0))"p+"+ 



(2p+l)2f+i 



-3^ y max {L,.2P+\2P+^ 5^P+^(0) |^ - u\''^'} 



72p+i(p+l) 

Si 

. (2p+l) 



■ max 



/ \ 2p+2 

Lg|f7|(Ci7||t'(-,t)||i^(^)) , 3^^+2(0) ||zi(.,i)-w| 



-||2p+2 
L2p+2 



^2p+l (p + i)4p+3 

Using the estimates ()6.14p . (|6.15p and the Gronwall lemma, when 7 ^ minjCar, 2a} we obtain 



I 1 .r,s||2p+2 

|to- U7 g(0)\\^2p+2 ^ 



1^0 - uj 5(0)||^2p+2 + 



{2p + l fP+' max [Lg \n\ (CitCss)'^^' , 5^^+2(0)^36} 



72p+i(p+l)4P+4|7-min{C37,2a}| 



^- min{C37,(2p+2)o-,7(p+l)}t 



and we conclude the estimate (|6.16p . ■ 

In the next theorem we shall prove that starting with initial data in suitable spaces we obtain stronger 
convergences. 
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Theorem 6.4 Let (^to,^'o,"^o) e L°°{^) x W'^'°°{n) x T4^i'P(f7), p > 3. C/nder f/ie hypotheses of Lemma 
\6.U we have 



||w(-,t)||^i,oc s; C4i(l+t)e-"*, (6.22) 
||m(-,<)-IZ7-i5(0)||;f« <C42(l + i)i"'e-^«*, (6.23) 

for all t € (0,t). Moreover, if the hypotheses of Lemma \4.11\ are satisfied, then 

\\u{-, t) - u\\wi.^ < Ciie-^^^^\ (6.24) 

for t sufficiently large. The constants Cn, C42, C43, C44 are positive and independent on t, and u is 
given by \6.17^ . 

Proof. Let 9 e {^^i • From the representation formula (|4.6p and taking into account (|2.4p . (|4.14p . 
([04l) . ((67T5)) we obtain 

t 



||m(.,t)-zl7-\g(0)||^« < ||e~*-4^ [mo - ^l7-^<7(0)] |U| + j A^e-(*-^)^Mw5(^^) " %(0)] 



< C{e)t-'e-'' {Wm^Lnn) + II"7~'5(0)||lp(o)) + 



+ C{e,p) J {t~s)-'e-'^*-^^ [ll"g(«)-'A9(0)IL.(j,) + |kg(0)-%(0)|l^,(,,J dss^ 



< C{e)t~'e-'* (llmolUn^^) +"7~'5(0) M) + 

t t 

+ C {9,p) LgCuCss Jit- s)-' e-*(*-^)e-"^ds + C (e,p) C^^giO) j [t - s)~^ e-^^'-''^e-^"'ds «C 



^ max|c(0) (llmollLp(o) +^7"'5(0) , (LgCiyCas + 5(0)C36)| (1 + i) i^^e^ '"'"^-'^■^->*. 

Denoting 



C^42 = max|c(0) (||mo|Up(o) +^7-1.9(0) , [LgC^C^s + g{Q)C^e) 

C43 = min{cr, 5,(737} 
the last inequality implies the estimate (|6.23p . 

Taking into account (|4.27p . the estimate (|6.24p and the embedding (|2.3p . it follows that 

||Vz;||^^ «;e^"* f||V«o|lioo + ||fo|li=o / ||m - ^7-15(0) ||^,,^ ds) ^ 







sc: e-'^* (^llVt^ollioo + C42 llt'oIlL- ^ (1 + s)s-'e-''^''d.^ ^ 
s=;2max{l,C42C4V'r(l~0)}||t.o||^i,oo (l + t)e-'^*. 
The last inequality together with (|6.15p imply (|6.22p where 

C41 - (l + 2max{l,C42C4V'r(l-0)}) \\vo\\wi.^ . 

We start now to prove (|6.24p . Let to > sufficiently large. Taking into account the embedding (|2.3p . we 
obtain from (|6.23p 
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for all t > to. If we take also into account (|4.27p . the last inequality implies 



||V^;| 



L°=(n) 



(^llVwollioo(fj) +C45 l|wo|li=o(o)^ e" 



^ max < 1 



2C45 

a 



43 



ll«o|| 



(6.25) 



for t sufficiently large. From the representation formula 



w( 



to 



and taking into account (|4.8p . (|4.15p and (|6.15p . we obtain 

\\w (, i) - nil;,, sc: ||e-(*-*")^^ {w{to) - u) \\xo + 



C(0) (t - to)-' e-'^'-*"^\\w{to) - ?l|Up(n) + 

t 

+ C i0,p) (l^ hoW^^^n) + X(0)) / (i - e-^(*-^) II V«||^^(,,) ||Vu;||^,(,,) ds+ 



Lp{n) 



ds ^ 



to 



+ l^C,^C{e,p) I (t-s) %-^(*-^)||u-l||^,(j,)+C(^?,p) I (t^s) Oe-'<''-^'^\\w-u\\^,f^,+ 



to 



+ CnC38C(0,p) (ixll«olLoo(o)+x(0)) y (t 

to 

Let us observe that 

11^ - ^IIlp(O) =^ ll"llL~(n) 11^ - l|lLP(f2) =^ C'46 II"IIlo„(0) 

where 



L°°(f2) 



(6.26) 



X(s)ds 



C47 = 2CI/PC25C38 |r!r^max|C738 (^^J ,x(0) 
From the above inequality, using (|6.14p . it follows also that 

Ik-^llLp(O) niax{C36,C47}e^'"'"^'^^^^^>*. 
Using the estimates (g^B, (EH), dOH), ([QS]) and (pTTT]) . we obtain from 

||«; (•, i) - IZ||^. sC C48 (t - to)'-' e- --{^.-.^3.}* + ^49 (i - to)"' e-**- 

+ C50 / (t-s)-^-^(*-^)e--^||Vu;||^,.,.ds 



(6.27) 



to 



22 



where 

C48 = { {C36, C47} + C11C26C38 (ix hoh^^n) + X{0))] + M (C18C36 + CnCas)} 

C49=C(0)e**° (Cii + ||II||lp(o)) 

^oIIl°°(o) + xC^) j 1 1' r ll^o||^i,oo(Q) ■ 

Taking into account the embedding (|2.2p and applying the Gronwall lemma we obtain from the last 
inequality 



\w 



+ Csoe'^™* ^^(1-^) C48e~"""{*''^'^->* j {s - to)'-' {t - s)-' ds + C,,e~'* j (s - to)-' [t - s)-' ds 

- io to . 

< C45 {t ~ to)'-' e--'"{*''^^^->* + C49 (t - io)"' e-^*+ 



(i - io) ' (C48 (t - to) + 2C49) 1 + 22^-2^50 



^(C48 (i-<o) + 2C49)e-'"'"{^''^'^3r}t 

jt - to)'-' T{1 - 0) CoS^-'rii- 



r(i 



r(l-0) I g- min{5,cr,C37}t 



Let us observe that 

\\u{-,t) - ullvyi.oo < • \\w - ?l||vi/i,oc. + ||?I||loo||z^"^ - 1|1m/i. 

Using l|6.25p we obtain 

< (^12 1 + C12 Ikollioc(n) +X(0)j max 1 1,-^1 WMw^.^^in) 
Taking into account ()6.15p and (|6.25p . we estimate 

\\z-' - l\\w^.'^ CieW / x(s)c^s||loc + C12 (^L^ ||uo|li=o(f^) + X(0)) max 



C46C38 (^^^38 + X(0)^ + C12 lko|lLoo(j2) + X(0)) max (l, 



(6.28) 
(6.29) 

(6.30) 



2C45 
C43 



ll^oll 



(6.31) 



From dOni), using the embedding (|^ and the estimates ([OD|) . (|OT|) . we obtain 

\\u{t) — u||vyl,oo ^ Csillui — u|| vyl,^ + C52?Ie^°'* ^ 



C,,{t-to)-'{C,sit-to) + 2C,,) ( l + 2^^-^C50 ^^^'j;.r5''^^ e^-"^"-^^(^-^) ] + C52ZI 



r(i- 



- min{i5,cr,C37}t 



where 



C51 — (^12 



I + C12 (ix 1 1 vol I LOO (o) +x(0)) max|l,-^| 11^011^^1,00(^2) 
C46C38 (^^<^38 + X(0)^ + C12 (ix II«o|Iloo(o) + X(0)) max |l, ^| ||t;o|l 



The last inequality implies (|6.24p for t sufhciently large. ■ 

In what follows we investigate the case when 17(0) — and we start with an auxiliary lemma. 
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Lemma 6.5 Let f E C-'^(0,+cxd) satisfying 

\f{s)\ds^C, l\f{s)\ds^C 



then 

lim f{t) = 0. 

t — i-OO 

Proof. Assume that lim f{t) ^ 0, then there exists a sequence {in}nGN, t^ ^ oo such that 

t — >oo 

|/(t„)| > C>0, Vn^no. 
We can assume that tn+i > i„ + 1 (otherwise we take a subsequence). Let < r < 1, then for aU n ^ no 



\\f{tn + T)\-\fiU.)\\ ^ |/(t„ + r)-/(t„)| 



tn+T t„+T tn + 1 

J ns)ds < J \ns)\ds^ J \f{s)\ds. 



But 



tr. + l 

Urn / \f'{s)\ds = 

n — 'oo J 

t„ + l oo t„ + l 

(otherwise, on a subsequence, / \f'{s)\ds ^ C which imphes / \f'{s)\ds ^ J2 I ~^ 

t„ n t„ 

Then for n ^ ni ^ tiq we have 



Therefore 



which imphes 



/ \ns)\ds<^. 



\f{tn+T)\>^., 



tr.+l 

/ 1/(^)1 rfO^, 



which contradicts the hypothesis. 



Theorem 6.6 Let ^ > and {uo,vo,mo) G L^{n) x {W^''^{fl) n L'^{n)) x W^-P{n), p > f • iet g be a 
function satisfying the hypotheses {H2) and {H3)and g{0) = 0. Then 



hm ||TO(-,i)||i2(f2) = 0, 

t—>-oo ^ ' 

hm ||.9(z;(-,t))««(-,t)||ii(a) =0, g ^ 1. 
Moreover^ if g{v) ^ 6*53^ /or all v ^ 0, where C53 a positive constant independent on t, then 



hm \\u{-,t) - = 0, 



(6.32) 
(6.33) 

(6.34) 



where u is given by {6.11^ . 
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Proof. On multiplying the equation Ijl.Sp by to, integrating over Q and taking into account the estimates 
(|3.8[) . (|4.15p and the hypothesis {H^}, we obtain 



1 d 
2di 



+ d |Vm| + 7 / to^ = —Lg / uvt 



(6.35) 



Integrating in time the last equality we get 



z z 

\J^^^+dJ J |Vto|' +jJ Jm^i^ C25Lg Jvo + ^Jml 



n 



Therefore we have 



n 



n 



n 



From (|6.35p we deduce 



n 

and integrating in time we obtain 
t 



to 



s; -2Ci2CisLg / vt + 2d / |Vto|^ + 2j /to 



o 



n 



n 



(6.36) 
(6.37) 



(6.38) 



The last inequality together with (|6.36p . (|6.37p and Lemma [6.51 implv (|6.32p . 

In order to deal with the convergence of v, we integrate in time the estimate (|6.9p and we obtain 

t t 



«/2|2_L 9 



2d ^ 



2d 



2 q , 11 
TO + — 



TOW^ 



The last inequality, taking into account also (|6.ip . implies 



(6.39) 



On the other hand 
t 



g{v)v'' 



t t t 

«C -Lg- / / v'l+^t - \g'{0)\ I [ vtvt -qLg [ I vHt < 



n 



o 



n 



(6.40) 
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From Lemma [131 ([0^1) and (jOII)) we get 

In order to have the last estimate we muhiply the equation (|1.12p by {w — a), where a is a constant to 
be determined later and we obtain 



1 d 
2dt 



z^^{w ~ af] = - z^^ \Vwf + fi wz~^{l - w){w - a) + fi / w^z ^(1 - z ^){w - a)- 



~ 1^ J '^v{w — a) + J x(u)?«^z '^mv ~ ^ J x{v)wz ^mv. (6.41) 

n SI o 

We consider first the case fi — 0. Taking a — u — J u, from the equation p.l3p and integrating in 

time the last inequality we get 



r 



w'^z ^x(w)mw 



n 



a 



n 



[zq \wa - u)^] +2Ci2 \n\ {l^ ||wo|Iloo(o) + x(0)) Wv^Wl^^u) ll^"llL-(o,t; 



L°°(0)) 



Therefore we have 



o 



\Vw\' ^ J J z-^lX/wf «C C55. 
n 



(6.42) 



From (|6.4ip we deduce 

[z~^{w-uf] 1^2 J z-^\yw\^-2 J x{v)w^z-^vt-2u j x{v)wz-^vt. 
n n n n 

Integrating in time the last inequality and taking into account (|4.ip . (|4.15p and (|6.42p we obtain 



[z ^{w — u)^] 



^2y Jz-^\Vw\'-2j j xiv)w^z-\^2uj j xiv)wz-^yt ^ C^e (6.43) 
00 00 00 



where 



C56 = 2C55 + 2C12C18 \n\^ (max {1, Wuoh^^n)} + Cis) (l^ lkollL=o(o) + xW) lkolL..(f^) 
Let us remark that we have the following estimate by using Poincare inequality and (|6.42p 



t t t 

z-^{w - uf 2Ci2 / [ {w-wf + 2Ci2 / I {w-uf ^ 



o 



n 

i 



Q, 
t 



^2CCi2 y y |Vu.r + 2Ci2 y J {W-uy ^C + 2Ci2 J JiW-uy (6.44) 
on SI SI 

where w ^ jir / w. Then, in order to obtain the estimate (|6.34p using Lemma 16.51 it is enough to prove 



that 



{w - C. 



(6.45) 



o 
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Using (|6.39|) for g = 1, an easy calculation shows us that 
t t 

s=:Ci2 ^ max y'(s) / ^ C12C53C54 ^max y'W- (6.46) 
on on 
Taking into account the last estimate we obtain 

00 a n n on 

< 7^C^i2C?8C53C54 niax x'(s) (6.47) 

which implies From . and ([QT]) the estimate follows. 

We consider now the case fi > 0. From (|6.4ip we obtain 



~J [z-\w - 1)2] = - j iVu^l' -ti j wz-^(w - if +11 J w^z-\l - z-^){w - 1)- 
n n n n 

~ 1^ J wz~^v{w — 1) — y xiv)z^^w'^Vt ^ 
n n 

< - y" I Vu;|' - ^ y wz-\w - 1)2 + J w'^z^^l - z-^f + j wz^^v^ - C57 J w^Vt, (6.48) 
n n n n n 

where 

C57 = e^ll'^»ll'--(-)+'^(")ll''»"--(-) (L^||«o||l=o(^7) +X(0)) . 
From the above it follows that 

Ijt J [--'(^-in +f-ina«} / z-\w~ir + J z-'\Vw\U 
n n n 

^ J w^z~\l- z-^f + J wz-^v^~C57 J W^Vt. 
n n n 

Integrating the last inequality on (0, t) we have 

t t 
\j[z-\w~lf]+i^Tmn{l,a}j jz-\w-lf+j J z'^ \Vw\^ ^ 

n on on 

t t ^0 

^ CuCfsJ I {I- z-'f + j jv^ + Cl^C^-j n ||i;olLoo(o) + {wo- Ifeo (6.49) 



on on n 

Taking into account (|6.46p and l|6.39p with q = 1, we obtain from (|6.49p 

t t 

\J [z-\w-l)^]+!^inm{l,a} J j z-\w - if + j J z'^ \Vw\' ^ (6.50) 
n on on 

where 

C58 = C12C18C54 ( C12C18 max x'(s) + 1 +C57Cfs M ||«o|lioo(o) + ^1(^0- l)'e« 
y s6(o,iifoiiioo(s-i)) y ^ ' Z ,1 

27 



1 ,.9 /xMds 



The inequality (|6.50p implies 



n 
t 



\Ww\^ < C. 



(6.51) 
(6.52) 



o 



From (|6.48p we deduce that 



^2 I z-^ |Vw|^ + 2^ / wz-^{w - if + 2^ / w^z-i 1(1 - z-^){w - 1)1 + 



+ 2^ J wz '^v\w^l\^2 J xi''^)^ ^w^Vt 
n n 
and integrating in time we have 



t t t 

^2 f f z-^\Ww\^ + 2fiC,s I f z~\w - If + f,Ci2C^,s / /(l-^ 



+ fiCfs I I z-\w - If + fiCi2Cfs I I v^+fi I I z-^{w-lf 



-1\2 



SI on 
t t 

^2 / / „,2 



o 



a 



on on 



2Ci2Cls{Lx\\vo\\L^in)+x{0)) / / «t 



n 
t 



^2 z-'\Vw\' ids + if z-\w-lf+^iC^2Cls {l-z-'f+ 



n 



n 



n 



+ fiC,2Cfs / / v' + 2C,2C!s M (iJ|«ollL»(n) +X(0)) IkolU^in). 



n 



Using ((639)) . ((06l) . ([63T|) and ((632)) we conclude 

t 



dt 



[z-\w-lf 



The last inequality and (|6.5ip imply 



hm J [z-'^{w-l f] =0. 



From (|6.54p and taking into account the following estimate 

max x(^) r 

M;t) - l||i.(n) < e=^<"-"-"--<"" J z'^ [w - if + H^-^ - l|U.(a), 

n 

we conclude the proof. ■ 



(6.53) 



(6.54) 
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